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TURBULENT HEAT TRANSFER IN A TUBE WITH
PRESCRIBED HEAT FLUX
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Abstract—An approximate method is proposed to predict Nusselt number for turbulent flow in a tube
with an arhitrary axially varying heat flux distribution. Evaluation of sums of infinite series with poor
convergency is required for this method and done correctly. The predicted results by the proposed method
were examined experimentally with air for uniform heat flux, exponentially varying heat flux and recti-
linearly varying heat flux. The experimental apparatus was so constructed that heat flux could distribute
n the prescribed manner by changing axially the cross sectional area of the tube wall conducted low voltage
a.c. Predicted Nusselt numbers are in good agreement with the experimental data.

The conditions for heat flux distributions which have the fully developed situation with generalized
temperature profile invariant irr the axial direction were analysed theoretically. As the result. it is found
the exponentially varying heat flux alone can realize the fully developed situation. Both cases of uniform
heat flux and uniform wall temperature, which have been well known 1o realize the fully developed

situation, correspond to the special cases of exponentially varying heat flux.

NOMENCLATURE

Nuy, Nusselt number for uniform wall tem-

a, thermal diffusivity; perature;
B,,  coefficient corresponding to eigen- Pr,  Prandti number, v/a;
value; q, heat flux;
¢, specific heat; Qg  total heat input;
C,  eigen-value; r, radial distance;
d, tube inner diameter ; re,  tube inner radius, d/2;
D, tube outer diameter; Re, Reynolds number, ud/v;
e(x), heat generation distribution per unit s, dimensionless radial distance, r/ry;
tube length; T, temperature;
z . T,  temperature at tube center;
Etx), § elx) dx; T,  inlet temperature;
g, dimensionless total thermal diffusivity, Tr, ambient temperature;
1+ gg/a; u, velocity in axial direction;
G, volumetric flow rate; u,  mean velocity in axial direction;
h, heat-transfer coefficient ; u*, dimensionless velocity, u/\/(1./p);
k, thermal conductivity; v, dimensionless velocity, u/u,;
K, overall heat-transfer coefficient; X, axial distance;
Nu, Nusselt number, hd/k; X, dimensionless axial distance, x/d;
Nuy, Nusselt number for uniform heat flux; Xo, dimensionless axial distance with uni-
p " 5 form heat flux;
+ Professor of Nuclear Engineering, Kyushu University, \ distance from tube wall, r, — 7;
Fukuoka. Japan. Member of 1.5.M.E. f)* ,  dimensionless distance fr(:’m tube wall,

$ Lecturer of Mechanical Engincering. Kyushu Uni-
versity. Member of J.S.M.E.
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z, dimensionless axial distance,
x/2roRePr;
Z, dimensionless axial distance, X ~ X,,.

Greek symbols
o, parameter related to heat flux distri-
bution;

7, specific weight;

ey, eddy diffusivity for heat;

ex  eddy diffusivity for momentum;

n, parameter related to coefficient of
index of exponential function;

0, dimensionless temperature, (T,, — T)/
(2roa/k);

v, kinematic viscosity;

i) fluid density;

T.,  shear stress at tube wall;

@,  dimensionless temperature, 8, — 6.

Subscripts
fd, fully developed conditions;
m, mixed mean conditions;
w, wall conditions.

INTRODUCTION

HEAT transfer to turbulent flow in tubes and
ducts has been a subject of continuing interest
for many years. And most of the investigations
are concerned with the fuily developed situation
under the two cases of the uniform heai flux
and the uniform wall temperature distributions
in the axial direction. On the contrary heat
transfer for undeveloped or developing situation
is now under study by many investigators. The
problem of heat transfer for axially varying heat
flux, which belongs in this category, has drawn
a great deal of attention and much consideration
has been paid to the sinusoidal heat flux distri-
bution [1] in relation to the cooling of nuclear
reactors. But general treatment of this problem
is relatively rare in previous investigations. The
present investigation is made on the general
treatment which can be applicable to the heat-
transfer problem of any arbitrary heat flux
distribution.

Analytical treatment for arbitrary heat flux

or wall temperature distribution in the axial
direction is mainly based on the superposition,
technique because of the linear and homo-
geneous nature of the energy equation. The
solution to be superposed is the thermal-entry-
solution for the uniform heat flux or the uniform
wall temperature. For low in a tube, this
solution is obtained by solving the eigen-value
problem and consequently the solution takes
the form of the infinite series consisting of the
eigen function corresponding to each eigen
value. In actual calculation higher terms of the
infinite series must be neglected. If the solution
can be expressed satisfactorily with fewer terms,
the convergency of the series solution is said
to be good or fast. The same comments also hold
true for the superposed solution because it takes
the form of the infinite series. The infinite series
contained in the superposed solution for pres-
cribed heat flux distribution show poor con-
vergent nature in contrast with those for pres-
cribed wall temperature distribution. Probably
to avoid this drawback, Hall and Price [2]
evaluated the theoretical solution for the ex-
ponentially varying heat flux by integrating
graphically the thermal-entry-solution for uni-
form heat flux which was obtained experi-
mentally and compared it with the experimental
results.

In this paper analytical solution for arbitrary
heat flux distribution is investigated with respect
to the convergency and an approximate method
is proposed to make up for the poor convergency
of the solution. This method needs a few sums
of the infinite series consisting of the eigen-
values and the corresponding coeflicients of the
thermal-entry-solution under the uniform heat
flux conditions. Though it is very difficult to
evaluate these sums properly for poor con-
vergency of the infinite series, the evaluation is
done conveniently. In relation to the axial
variation of Nusselt number, theoretical investi-
gation is made on what cases the fully developed
situation is obtained when the prescribed axially
varying heat flux is given.

As the result, only the case with the exponen-
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tially varying heat flux is found to have the
fully developed situation. Experimental support
of the proposed method is performed with air
for several heat flux distributions.

The similar method to the proposed one is
applicable to the forced convection heat-transfer
problem with axially varying heat flux for flow
in the ducts, the annular space and the two
parallel plates, the thermal-entry-solution of
which belongs to the eigen-value problem and
therefore takes the form of the infinite series.

ANALYTICAL SOLUTION

A schematic diagram showing the coordinate
system is given in Fig. 1.

—an
ety
x

FiG. 1. Coordinate system,

For the prescribed heat flux distribution g(x)
in the axial direction x, the temperature differ-
ence between the wall temperature T, and the
mixed mean temperature T, of the fluid at an
axial position x is expressed as [3]

ho.s] X

2 2
Tw"'Tm"'_kRe Fnﬁnj‘](w)
ne] 0
xexp —Br  x-W 4 1)
Re 25, ™
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where k is thermal conductivity of the fluid, Re
Reynolds number, r,, tube radius, #2 and F, are
eigen-values and corresponding coefficients res-
pectively which appear in the thermal-entry-
solution of the energy equation under the
uniform heat flux conditions. The first five
eigen-values and corresponding coefficients have
been found using Deissler’s turbulent velocity
profile by Siegel and Sparrow [3], numerical
values of which are reproduced in Table 1,
where B, = —F,/2 and C, = 4f8%/Re.
Introducing the symbols B, and C, and the
dimensionless variables X = x/2r, and W =
w/2r,, then the local Nusselt number at an
axial position X, which has usual definition

kK TTL-T, K

where h is heat-transfer coefficient, takes the
following expression with the aid of equation (1).

I :dw) exp (C,W) dW
—=9 BC, . ®
Nu Z g X)exp (C,X)

Now take the axial coordinates shown in
Fig. 2 and suppose heat flux distribution ex-
pressed as

q = 4qo for X € Xo,

and
q = 4oF1Z) = go{1 + H(Z)}
for X =2 X,

where g, is a constant and F(Z) and H(Z) are
functions of Z.
Then Nusselt number at the position Z is

z

Nu F(Z)exp(C,Z)

n=1 =1

- - = F(W')exp (C,W’)dW’
+ - 23,.1 SR (= CrXo) Z B,,C,,"E

F(Z)exp (C,.Z)

]j H(W" exp (C,W") dW’

1 - exP{"C.(Xo + Z)}
: l, " : : B,C. {1 + H(Z)} exp (C,2Z) @)

1+ H(Z)

n=1
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Several noticeable cases are revealed as follows.
(i) Let X, = 0 in equation (3), then equation (3)
yields Nusselt number for heat flux distribution
which varies from the initial heated position.
(ii) Let X, — oo, then equation (3) yields Nusselt
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FiG. 2. Dimensionless axial distance.

numbers for the case that heat flux changes from
fully develaped situation which is attained with
uniform heat flux. (iii) Especially let Z — oo, then
equation (3) is expected to give the Nusselt
numbers for the asymptotic or fully developed
situation if that situation exists. (iv) And let
F(Z) = 1or H(Z) = 0, equation (3) gives Nusselt
number Nuy for uniform heat flux, which is

1
Nug

= 2 B[1 —exp{-C, X, + 2)}]. 4

n=1

The results for a few simple heat flux distribu-
tions are shown in Table 2. Nusselt number for
large Z enough to satisfy the relation exp
(-C,Z) < 1, is represented with the subscript
“0” as Nu, in Table 2.

Consequently Nu, = Nu,, for the heat flux
distribution which can bring about the fully
developed situation.

THE CONVERGENCY OF THE
ANALYTICAL SOLUTIONS
Since the thermal-entry-solutions are super-
posed to construct a solution for arbitrary heat
flux or wall temperature distribution, the nature
of the convergency of the former affects that of
the superposed solution. There follows the in-
vestigation on the convergency of the analytical
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solutions under both of the boundary con-
ditions. The Nusselt number. for uniform heat
flux is evaluated by equation (4). The fully
developed Nusselt number, well known to exist

in this case, reads clearly Nuy ,, =1/Y B,
n=1

The sum of the first five terms of B, gives

-]

Y. B, =0-004219 for Pr=0-7 and Re = 50000,

n=1

as shown in Table 1. Hence Nuy 4 = 237. This
value of Nuy .4 greatly differs from the existing
experimental values or the calculated value
indicated at the later section. The higher the
terms of B, are taken beyond the first five, the
more reasonable the value of the fully developed
Nusselt number calculated by the sum of B,
becomes. But the convergency of B, is so poor
as shown in Table 1 that the addition of a few
higher terms cannot be expected to predict the
satisfactory fully developed Nusselt number.
Consider the uniform wall temperature case in
contrast with the uniform heat flux case. Under
these boundary conditions Sleicher and Tribus
[4] have given the thermal-entry-solution for
turbulent flow in a tube. The result is that the
Nusselt number "Nuy for uniform temperature
is evaluated by

S WRHEAET

A, 222 )
—Pexp {— (Re Pr) Z}. (5)

Hence the fully developed Nusselt number
depends on the first eigen-value alone, that is
Nur, ;4 = A3/2. Values of 4, and A2 read from
the graphical presentations [4] are reproduced
for Pr=0718 and Re = 50000 in Table 3.
The Nusselt numbers Nuy and Nuy calculated
by equations (4) and (5) respectively are shown
in Fig. 3, where the symbol n=3 or n=135
represents the numbers of the terms used in the
calculation. The result that Nug ., is smaller
than Nuy, ;, is considered to be mainly caused
by the use of the different expressions for the
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Table 2. Calculating equatio =

(b)
do(l + 2) 2o{l + Bl — e*5)}

1 |d<0
. :a>0
9 = 9.F(2) ! | : |

L. .

T b>0 —
— X ' ;

| —-—
1 1 B 1 L
— _ E ~(1-CZ
Nu l+aZ[Nu,, ) -G [

C,
—_— b 1 -
I+ bl — )| Nug Z { a+C

aZ . ~CaZ
x € cz+C,,e }] _
R _ .l. C"Ze_c'xo +1 —abe {1 — eTw+Cz)
Nug _ Na 1+ oz Tz 1+ 01 — 2

_e-c..xo{c—(uc..)z - e—c,zﬂ

a B CaZ + 1 —abe
= .y I Ze-CaZ
Xo=0 1+aZ§:C,,[ = ] 1+b(1—-e")[§ :a+C E: {e

-(¢+C..)Z
a(a + C..)
« B —abe”
X, = —_— (1 — e~ "_{] — e"@+tCAZ
0= 1+aZZC,,( ) 1+b(l—e“‘)Za+C,{ ¢ } -

1 1 @ B, ~ab e B,
Nug ;y  Nug t+eZ /C, T1+bl -/ 4a+ C, -
Symbol ¥ represents summation of terms up to infinity
ta>0orja] <C, §a<C,

1 In this case Nu, = Nug,
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of Nusselt numbers

go{l + bsin aZ)-

% e~CnZ _ g=CalXo+2)

[N B
1+ bsinaz[Nu., 1 + (a/C.)?

x (sin oZ ~ gcos aZ + -g—e“"’)]

1
E ] — g-te¥Cw2Z
x B"[a +C, {t-e }

+ _l_c~Cu(Xn¢Z)(e-uZ - l)]
o

abcosaZ [ B,C, L
1 + bsinaZ| ot + C? C,

e—c..z C c-C-Xo
- B -+ in aZ
z I, " cos aZ(a’ +C a o )]

tan aZ)

B" - l ~CnZ
a[Za +C, ZB'{ae
- __E"_e-(uc.ﬂ}]
oo + C)

B
Ld | — e~ a*CuZ
. : :a + C,,{ € }

ab cos aZ B,.C, 1+ « I
1+ bsinaZ a2+C,2,( C, )

B i Co +1s'n Z
"cosaZ\ a? + C? P

ab cos aZ B.C, (l @ \anuZ e~
14+ bsinaZ m +amn Y

B,
~az a+C,',rI

“ 1 +bsinaZ o + C?

ab cos aZ B,C, 6
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eddy diffusivity for heat. The fully developed
Nusselt number for uniform wall temperature
calculated with the same expressions of the
velocity profile and eddy diffusivity for heat as
those used in the case of the uniform heat flux,

Table 3. Listing of A, and A2
(reproduced from reference [4))

Re = 50000, Pr = 0-718

n A, A

1 300 236
2 5-78 2640
3 3-74 7440

designated as Nif r, ra In Fig. 3, is slightly smaller
than Nuy ;. In the case of the uniform wall
temperature, the first three terms of the infinite
series in equation (5) give the satisfying Nusselt
number and the thermal-entry-solution has very
good convergency. The superposed solution for
arbitrary wall temperature distribution also

500 ' . : ‘ .
Re 50000 = N, Uniform heat flux
{ squation (4))
400 A ——=~:Nur, Unitorm wall
S { 'anmu(mvmwu
2 \ )
- 300 ;
s (a8}
* 200 | | |
i p,‘.o.na j | Nth
—————————————————— o _(av3)_ ""”a\-
| ‘ : il
100 | =1 3
x x l 1./‘17.»'
o 10 20 3
Z

Fi od

FiG. 3. Nusselt number variations for uniform heat flux
and uniform wall temperature distributions.

shows good convergency and the corresponding
Nusselt number can be reasonably evaluated at
most with the first three or four eigen-values
and corresponding coefficients.

It is noted here that the difference in the
boundary conditions strikingly affects the nature
of convergency of the superposed solution.
Since the relation between the eigen values and
corresponding coefficients for the uniform heat
flux and those for the uniform wall temperature

SHU HASEGAWA and YASUNOBU FUIJITA

has been established [5], the poor convergency
of the superposed solution is concluded to be
inevitable for the problem of arbitrary heat flux
distribution.

APPROXIMATE METHOD FOR THE
CALCULATION OF NUSSELT NUMBER

The poor convergent nature of the superposed
solution for arbitrary heat flux distribution can-
not be settled effectively by means of the
increase of the terms of the infinite series.
Consequently, another means should be worked
out as follows.

Various sums of the infinite series which
appear in the calculating equation of Nusseit
number are divided into two groups by the
dependency on the axial coordinate. Each term
of the first group consists of B, and C,, and
accordingly the sums of the infinite series are
independent of the axial coordinate Z. On the
other hand each term of the second group
contains the exponential function exp (—C,2),
and therefore the sums depend on the axial
coordinate Z. Now the convergencies of these
two groups of the infinite series are examined.
The case of Pr = 0-7 and Re = 50000 is taken
as an example. The convergent nature of B,
has been mentioned in the previous section. As
the series C, are increasing ones, the series
B,/C, have relatively better convergency than
B, do, which is shown in Table 1, but the neg-
lection of the higher terms gives rise to con-
siderable error in the calculated Nusselt number.
On the other hand the convergencies of the
series B, exp (— C,Z) and the series (B,/C,) exp
(—C,Z) are shown in Figs. 4 and 5 respectively.
It is clear from Figs. 4 and 5 that for Z > 3 the
neglection of the higher terms beyond the first
five has no appreciable effect on the total sums
of the infinite series containing the exponential
function exp (—C,Z). Hence the error in the
calculation of Nusselt number is chiefly caused
by dropping the higher terms in the evaluation of

such fixed sums of the first group as Z B, and

and z (B./C,). In the evaluation of such sums

r=1
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1 ] !
T Re =50 000!
Pr=0-7 :

F1G. 4. Convergency of B, exp (—~C,2Z).

of the second group as Y B,exp(—C,Z) and
=1

Y. (B/C,) exp(—C,Z), the same kind of error
a=1

is negligibly small except for Z near zero pro-
vided that the first five terms of B, and C, are
used. In conclusion the accurate evaluation of
the sums of the first group makes it possible to
predict reasonable Nusselt numbers except in
the region of extremely small Z where the poor
convergency of the infinite series of the second
group gives rise to the inevitable error. For
example, in equation (4), divide formally the

0‘2 T
\ Re =50 000
Pr=0-7
N
Lo\
Qg \\\
o XN
\"o n{ \\
® & \ .
Q!b \/4_-3 \
Eﬁg\\g>\-~___~* \\\\‘
— ! "
% 5 10

Fi1G. 5. Convergency of (B,/C,)exp (—C,2Z).

sums of the right-hand side into two groups as

1

N_uaz Y B,— ) B,exp(—C,Z). (6)

n=1 n=1

Then accurate Nusselt number can be calcu-
lated for Z > 3 with the first five terms of B,

and C, provided that Y B, is fixed beforehand.
n=1

The key point of the proposed approximate
calculating method is the pnor evaluation of

such first group sums as Z B, and Z (B,/C)

with poor convergent nature The detaxls of the
evaluating method and results will be shown in
the later section.

ANALYTICAL CONSIDERATION ON
FULLY DEVELOPED SITUATION

For the two conditions, uniform heat flux
and uniform wall temperature, it has been
well known that the fully developed situations
are reached beyond the thermal entrance region
and the Nusselt numbers take the fixed values
different from each other. In addition to these
two cases, there can be mentioned heat flux
or wall temperature distributions which give
formally fixed Nusselt numbers when axial
distance Z tends to infinity in the calculating
equation of Nusselt number Nu(Z). Hitherto in
these cases, it has been considered that the
fully developed situation exists and the corre-
sponding fixed Nusselt number has been called
the fully developed one. Even if such conditions
are formally satisfied by the mathematical
operation of limit in the calculating equation,
it does not necessarily mean the temperature
profile reaches the fully developed one. To
clear the conditions for the existence of the
fully developed situation, there follows the
theoretical analysis on what cases the fully
developed situation with a generalized tem-
perature profile invariant in the direction of
flow is obtained when prescribed axially varying
heat flux is given. Hence the exponentially
varying heat flux is revealed to be only the
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distribution which realizes the fuily developed
situation and fully developed Nusselt numbers
are calculated to evaluate the sums

5 B, 3. (BJC).

a=1

and

ANALYSIS
The system considered is that of incompress-
ible fluid of constant properties flowing in a
tube with fully developed velocity profile.
The coordinate system is shown in Fig. 1.
The energy equation describing the problem
is to be expressed as

oT 16 T
“5; 73 ["('*‘H)“]

where T is fluid temperature, x axial coordinate,
r radial coordinate, u flow velocity, a thermal
diffusivity and ¢4 eddy diffusivity for heat.
Substitution of the following dimensionless
variables into equation (7) yields

0]

s=l g X,
T ry "~ 2roRePr’ T u)
=142
g= 1 + a )
oT 490 oT
"oz " sos ( * _i;) ®
with boundary conditions
oT 0T ryq
aS =0 at s=0, a—s = -—k— s=1.

9)
Suppose both the velocity and the tempera-
ture profiles are fully developed, there exists a
generalized temperature profile that is invariant
with tube length. The statement that this profile
is invariant with x can be expressed as [6]

6 (T,— T\ _ 0

dx (T,, - T,,,) -
where the subscript w refers to the value at
wall and the subscript m, the mixed mean value.
Under the fully developed situation, the heat-
transfer coefficient is constant along the tube
length and therefore equation (10) can be

(10)

YASUNOBU FUJITA

5 (T, —T
?775( q >—0'

Hence the dimensionless temperature 9 that
is defined in equation (12) is a function of s only.

T,-T

2roq
k

Take the mixed mean value of equation (12),

and the heat balance between heat flux and the
mixed mean temperature rise,

rewritten as

(11)

o= (12)

2roq

T,-T,=86, (13)
dT, _8rq
P (14)
Thus, substituting equation (12) in equation
(8) and (9),
1 dq 4d de
ot -568) o
mixed mean temperature rise.
do do 1
—_— 0 = — T —— =
i at s=0, i 3 at s
(16)

In order that 6 may be obtained as the function
of s alone by the solution of equation (15), heat
flux should meet the following requirement,

ldg _

qdz

or

X
g = Cexp(nz) = Cexp <n 7 RePr)

X
= Cexp (a;q), (17)

where n, « and C are constants and n = aRe Pr.
Defining ¢ = 6,, — 6, equations (15) and (16)
take the following forms.
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do
W =1 (wG) 09
do _ - do 1 -
ds-—(} at s=0, s =32 at s=
(19)

Thus, it is only when the heat flux varies expo-
nentially along the tube length that there exists
beyond the thermal entry region the fully
developed situation with a generalized tempera-
ture profile which is invariant in the direction
of flow. The fully developed temperature profile
is given by the solution of equation (18) with
the boundary conditions (19) and depends on
the parameter 5. The Nusselt number is evalu-
ated from equation (20).

q
Tw - Tm * k h em (aw’ (20)

Prior to solving equation (18), the wall
temperature and the mixed mean temperature
variations along the tube length are examined to
find the conditions on the wall temperature
distribution which can give rise to the fully
developed situation. From equations (13, 14,
17) the first and the second derivatives of the
wall and the mixed mean temperatures are
deduced as follows.

oT,_8rg T, 8 )
dz k° az k"%
T, 2,
o —T(4+'?6m)’74- ]

By referring to the signs of these derivatives,
the temperature variations are shown in Fig. 6.
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It is clear that the temperature variations to
realize the fully developed situation are classified
into the five typical patterns depending on the
values of the parameter . The uniform heat
flux case corresponds to n = 0, while the uniform
wall temperature case corresponds to n =
—4Nuy, ;4 Both boundary conditions, in which
the existence of the fully developed situation
has been well known, are included as the special
cases in the exponential heat flux distribution.

To carry out the solution of equation (18),
the variations of v and g with s must be given.
Since there is no various selection of v and g for
laminar flow where

v=2(1 —s%,

it is convenient to check the present analysis
with the available results by other investigators.
For turbulent flow the velocity profile is taken
from Deissler’s analysis [ 7], which is expressed
as

0<y+ 26
du*
dy*

g=1

1
T 1+ (01242 uty*[1 — exp{ —(0-124)u¥y*}]

oo L
<y u =a§6hl "2"'6" + 12:8493.

(22)

The eddy diffusivity for heat is assumed to be
equal to that for momentum.

Numerical integration of equation (18) subject
to the boundary conditions (19) are carried out
[8] by Runge-Kutta method on the digital
computer (OKITAK-5090) in Kyushu Univer-
sity.

7=0

~ 4Nty §7<0

7=b Nuy

FiG. 6. Temperature variations with tube length.
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NUMERICAL RESULTS

(i) Laminar flow. A plot of the fully developed
Nusselt number Nu,, is given as a function of
nin Fig. 7. Figure 8 shows the radial temperature
profiles. By putting n = 0 for uniform heat flux,
equation (18) is solved analytically and the
corresponding fully developed Nusselt pumber

LI

".f’.“f../?(]
/
/[

NI I B
0 5 50

”ﬂ”

7

QO = N Wk W O W

8

100

FiG. 7. Calculated Nusselt numbers (laminar flow).

Nuy ;4 = 4364. The fully developed Nusselt
number Nuy , and the parameter n; for
uniform wall temperature satisfy the relation
nr + 4Nug ;, = 0, which gives Nuy ; = 3658
and 5y = ~14:632. This value of Nur ;4 is in
accordance with that [9] obtained by a successive
approximation of the energy equation under
uniform wall temperature boundary conditions.
The corresponding temperature profile shown
in Fig. 8 is in excellent agreement with that
[10] presented by Jakob. Although negative
values of n satisfy the fully developed conditions,
the temperature profile oscillates with radial
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Fi1G. 8. Radial temperature profiles (laminar flow).
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direction when 5 is smaller than the negative
limiting value 7,. The absolute value of n,
is equal to the first eigen value of the energy
equation for uniform heat flux. The fully
developed Nusselt number increases monotonic-
ally with the increase of , provided that n > n,.
The change in temperature between wall and
fluid is more localized in the region adjacent to
the wall and temperature profile becomes flatter
in the center region with the increase of 7,
provided that n > n,.

(ii) Turbulent flow. The fully developed Nusselt
numbers are presented in Table 4. The radial
temperature profiles for Reynolds number of
50000 and Prandtl number of 0-7 are shown in
Fig. 9. The same remarks about laminar flow
also hold true in the case of turbulent flow.
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F1G. 9. Radial temperature profiles.

EVALUATION OF THE SUMS 5 B,ANDS (,C,)
a=) n=1

There are shown as follows the method and the
results of the evaluation of the sum§ ) B, and
=1

Y (B./C,) from the calculating results in the

n=1

foregoing section. A relation shown in Table 1
exists between the fully developed Nusselt
numbers for the uniform heat flux and the
exponentially varying heat flux. That is

2
1 L, B,
NuH'fd Nufd C,, + d-

n=1

(23)
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Table 4. Calculated fully developed Nusselt numbers

99

Re = 50000 Re = 100000
o Pr=07 Pr=10 Pr=10 Pr =07 Pr=10 Pr=10
-005 86'5 1080 3612 1436 1816 6460
—001 99-7 1226 3790 1677 2086 6803
0 10211 1252 382:0 1718 2132 6857
001 1042 1275 3847 1754 2172 690-4
005 1112 1351 3933 18741 2300 704-8
01 1178 1421 4013 1978 2416 7177
As Nuy ;4=1/ i B,, equation (23) reads 385 | s
’ ne=d " Re 350000 /
«© 7
L _ f B, -« E B, (24) 382 Pr=10 ~128 —
Nufd ne1 " Cn + a' / 1 /
n=1 e L~
Let « = 0 1n equation (24) <> <=
o 2 30l — 05—
5 8.= (. ) ey ¥ = -4
i Nusy/o=o // P
After differentiating equation (24) with respect 122 __.4{ .
to o, let o tend to zero ) /
o /Pf.0'7
B . 1 dNu
= = lim 5 X 41 (26)
(:,l a=0 (Nufd) da

n=1

Consequently the valuesof Y. B,and ) (B,/C,)
n=1 n=1

may be evaluated from the ordinate and the
gradient at a = 0 in the Nu,, — a curves shown
in Fig. 10. The results are given in Table 5.

EXPERIMENTAL APPARATUS AND PROCEDURE

The apparatus employed in the experiment is
shown diagrammatically in Fig. 11. Air from
the atmosphere is flowed by the fan through the
flow meter into the mixing chamber. After
mixed enough there, air flows through the
straight tubes which are constructed from the
velocity developing section and the heated
section. The velocity developing tube has an
L.D. of 21-2 mm and a length of about 1000 mm
(47 d). For the Reynolds number under experi-
ment (Re = 50000), the velocity profile is

=001 ~-0005 O

FiG. 10. Fully developed Nusselt numbers as a function of
the parameter o

0-005 00!

considered to be fully developed at the exit of
the velocity developing tube. Then there follows
the 1000-mm length of heated tube with the
same LD. as the velocity developing tube. To
keep off axial heat loss, both ends of the heated
tube are insulated from their neighbours by the
insulating ring made of Teflon and finished
smoothly inside not to disturb the flow field.
The mixing chamber, the velocity developing
tube and the heated tube are lagged with a
50-mm thickness of performed glass fibre
insulation. The heated tube is the drawn stainless
steel tube (SUS 27) and has an L.D. of 21-2 mm
and a maximum O.D. of 33-4 mm. Heating is
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Water manometer

FI1G. 11. Experimental apparatus.

accomplished by passing low voltage a.c. (1-5 ~
2V) through the length of the heated tube.
The outer diameter was lathed in the prescribed
size along the tube so that the heat flux could
be distributed in a prescribed manner along its
length. It is difficult to measure the heat genera-
tion at an arbitrary point under experiment, so
the heat generation distribution per unit tube
length was fixed along its length beforehand by
measuring the voltage drop between each small
section with a 8 mm in distance at a uniform
temperature. The air inlet temperature was
measured at the mixing chamber and at the
point 15 d downstream from it. The outer wall
temperatures of the heated tube were measured
by copper—constantan thermocouples soldered
at intervals of nearly the same distance (40 mm)
along the tube surface.

The experiments were carried out with air
as the flowing fluid for Reynolds number of
50000. Five to eight hours were allowed for the
steady conditions and the usual duration of one
measurement was a half to one hour.

Experimental data werc correlated by the
Nusselt number

where h is heat-transfer coefficient and k thermal
conductivity of the fluid which is evaluated at the
mean film temperature §(7,, + T,). The thermo-
couple readings measuring the tube outer wall
temperature were corrected for the drop across
the wall.

Heat flux was calculated by

_ 1 e(x)
9= [QE'E(TI)— nDK(T,, — Tg)

T g LT_]
+ 4(D d*) k, g 27)
where Q is total heat generation, e(x) heat
generation distribution per unit tube length

corrected for the wall temperature variation
x

along the tube, E(x) = £e(x) dx, x, total length

of the heated tube, D tube outer diameter, K
overall coefficient of heat transfer based on
T, and Ty, Tz ambieui temperature, k, thermal
conductivity of the heated tube. K was measured
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to be K = 1-54 kcal/m?h°C with the same tube
and lagging as that used in the experiment.

The mixed mean temperature of the fluid
was calculated as the sum of the measured
inlet temperature and the temperature rise
corresponding to the heat input (corrected for
radial heat loss to the atmosphere and axial
conduction in the tube wall) from the wall up
to the position under consideration. Then

1
Tm = 7?.. + ‘6;:,};
E(x) {
X [QE—E—&Z)' RDKJ(R Tr)dx
4]
Tz _ gay 35|
+7 0% - kg0 0] (28)

where T, is inlet air temperature, G volumetric
flow rate, ¢, specific heat of air and y specific
weight of air. The derivatives dT,/dx and
d*T,/dx? in equations (27) and (28) were found
by graphical differentiation or polinominal
approximation of the measured wall temperature
distribution.

EXPERIMENTAL AND CALCULATED RESULTS

Experimental data taken under the conditions
of uniform heat flux are compared with the
calculated results in Fig. 12. Calculated curve
is obtained for Pr = 0-7 and Re = 50000 by

equation (6) with aid of the sum i B, in
n=1
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Fi16. 12. Nusselt number variation for uniform heat flux.

SHU HASEGAWA and YASUNOBU FUIJITA

Table 5 and the first five terms of
B,exp{—C,Z). The corresponding fully de-
veloped Nusselt numbers are shown in Fig. 13,
where calculated curve presents the results
from Table 4.
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P g Experiments { air )
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fc 5 { { L
1o° 3 5 10*
Re
F1G. 13. Fully developed Nusselt number for uniform heat
flux.

Figure 14 reveals the results for the rectilinear
heat flux increase from the point x/d = 20
with the uniform heat flux upstream of that
point. The calculating equation is obtained by
substituting X, = 20 in the equation at column
{a) in Table 2. The solid curve is obtained by
the approximate method with the fixed sums of

150 x“ T T !

Re=50 000 !
(air} :

[ N
L g =glltal)
£

] 10 20 30 35

FiG. 14. Nusselt number variation for rectilinearly varying
heat flux.
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§ B,and 3 (BJC,) in Table 5 as the first
n=l ne=l

group sums and the first five terms of B, and C,
for the evaluation of the second group sums.
The maximum error accompanied to this
method is (-1 per cent in Nusselt number. The
dotted curve represents the results by means of
the same calculating method as that for the

5
solid curve with exception that Y (B,/C,) is
r=1

o
used instead of Y (B,/C,). The appreciable de-
n=1

viation of the dotted curve from the solid one
originates in the neglection of the higher terms
of B/C, and decreases as Z increases. The
Nusselt numbers for rectilinear heat flux distri-
butions are shown in Fig. 15. Calculating

150

T T 1 H
. : Re=50000 | |
© Pr=0- ? ;

g=q0-2

[

a=05

3 + A am0i }q:co(t'i-aZ)
10 " ; . ' i
C’0 o] 20 30
Z
F16. 15, Nusselt number variations for rectilinearly varying
heat flux.

equation is obtained by putting X, = 0 in
the equation at column (a) in Table 2, which
reads

1 _ __1__ - e
Nuz Nu 1+aZ
N C.Z + 1 _
* [Z Z C» exp (C..Z)] )

The sums of the first group which appear in
cquation (29) are 3, B, in Nuy and $ (B/C.
ne n=1

The solid curves in Fig. 15 represent the results
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by the approximate method with 3 B, and
a=1

3 (B,/C,) in Table 5 and the first five terms for
n=3

the evaluation of the second group sums. The
maximum error at Z = 3 is 02 per cent in
Nusselt number. The dotted curve correspond-
ing to each solid curve represents the results by
the same method with the only exception that

S (B/C,) is used instead of § (B/C,). The
n=1 n=1

difference between each two curves increases
with the increase of « and with the decrease of Z.
As shown in Table 2

ixm Nu = Nuy .,

This means that the denominator (1 + aZ)
in equation (29) tends to infinity, that is, heat
flux tends to infinity. This situation differs from
the fully developed one because it can be
realized only with the exponentially varying
heat flux. In the region where the relation
exp (—C,Z) < 1 is satisfied, the Nusselt number
tends asymptotically to the curve

& o
{,.Z:,B”+1+mz _c"}
n=1

which indicates gradual change in the direction
of Z. Consequently in this region Nusselt
number has different value from Nuy ,, and
shows the quasi-asymptotic character. In this
quasi-asymptotic situation Nusselt numbers are
slightly affected by the parameter o. The Nusselt
number for linear heat flux distribution is
independent of the gradient and greater than
that for other rectilinear heat fluxes.

Figure 16 reveals the Nusselt numbers for the
exponentially varying heat flux distéibutions.
The calculating equations are shown in column
(v') in Table 2. The calculated curve is obtained
by the approximate method with the fixed sums
and the first five terms for the evaluation the
second group sums. The first group sums which
appeared in the calculating equation are
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d B
v n
! B, and Z Cut+ o
n=1
The sum
B,
: : C,+

n=1

is approximated by

0 5 o]
B, B, + By
C,+ a = C,+ o Ca
n=1 n=1 n=6
because each value of B, and C, is unknown
for n =26 but the relation C, » « can be

assumed for n = 6 (Cs ~ 1-848, a = 007 and
0-01). It is analytically proved already in this
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F1G. 16. Nusseit number variations for exponentially varying
heat flux.

paper that the exponentially varying heat flux
realizes the fully developed situation. And the
experimental and- the calculated results show
the fully developed situation is reached with the
shorter thermal-entry-length and the corre-
sponding Nusselt number takes higher values
as the parameter o increases. These facts are
compatible with the results shown in Fig. 9,
that is the change in temperature between wall

SHU HASEGAWA and YASUNOBU FUJITA

and fluid is more localized in the region adjacent
to the wall as the parameter « increases. The
values of Nusselt number are affected sensitively
by the parameter « in the case of the exponential
heat flux distribution in contrast with the case
of the rectilinear heat flux distribution, whose

‘Nusselt numbers are not so sensible to the

parameter a and take the values between the
Nusselt number for the uniform heat flux and that
for the linear heat flux distribution as shown in
Fig. 15. Thus it should be noted that the shape
of the heat flux distribution strongly influences
the behaviour of the corresponding Nusselt
number. The difference between the fully de-
veloped Nusselt numbers for exponentially
varying heat flux and that for the uniform heat
flux is expressed as a ratio of the latter in Fig. 17.
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FiG. 17. Ratio of fully developed Nusselt number for expo-
nentially varying heat flux to that for uniform heat flux.

Experimental results are deduced from those in
Fig. 13 and 16 and the calculated curve repre-
sents the results in Table 4.

For the limited heat flux distributions and
the particular fluid and Reynolds number, the
calculated results by the approximate method
are in better agreement with the experimental
data except the region near the initial heated
point (Z < 3). The correspondency or the
deviation discerned in the region near the initial
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heated point is insignificant because the cal-
culated results contain inevitable errors caused
by the evaluation of the second group sums and
the experimental results have errors caused by
no support of the assumed heat flux distribution
on account of the considerable axial heat flow.

CONCLUDING REMARKS

As for turbulent heat transfer in a tube with
arbitrary heat flux distribution, the approximate
method was proposed to correct the error
caused by the poor convergency of the super-
posed solution and to predict reasonable Nusselt
number. The essential point is that the sums
of the first group infinite series constructed by
the eigen-values and the corresponding co-
efficients can be fixed beforehand. Two kinds of
the sums were calculated correctly from the fully
developed Nusselt numbers. The calculated
Nusselt number by the approximate method
with the evaluated first group sums and with
the first five eigen-values and corresponding
coefficients for the evaluation of the second group
sums were in good agreement with the experi-
mental results with air for the several heat
flux distributions. For special heat flux distri-
butions, other kinds of the first group sums may
appear in the calculating equation of Nusselt
number but it is difficult to evaluate these sums
exactly. In these cases the necessary sums can
be evaluated approximately with the aid of the
already known sums as shown in the case of the
exponential heat flux distribution.

In contrast with the prescribed heat flux
distribution, the superposed solution for the
prescribed wall temperature distribution shows
very good convergency. Therefore the corre-
sponding Nusselt number can be accurately
calculated with the first three or four eigen-
values and corresponding coefficients at most.

From a study of the fully developed situation
it is concluded that the fully developed situation
with a generalized temperature profile invariant
in the direction of flow is realized by the exponen-
tial heat flux distribution alone and the two
conditions, the uniform heat flux and the uniform

wall temperature, correspond to the special
cases of the exponential heat flux distribution.

For special heat flux distribution there exists
the quasi-asymptotic situation not so far down-
stream from the initial heated point. In this
situation Nusselt number changes gradually in
the axial direction but never reaches the fully
developed situation.

Similar method to the proposed approximate
one is applicable to the calculation of Nusselt
number for arbitrary heat flux distribution in
ducts with various cross sections, annular space
and space between two parallel plates whose
thermal-entry-solutions are obtained as the
solutions of the eigen-value problem and take the
infinite series expressions.
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Résumé—Une méthode approchée est proposée pour prévoir le nombre de Nusselt de I'écoulement
turbulent dans un tube avec une distribution de flux de chaleur variant arbitrairement le long de I'axe.
L’évaluation de sommes de séries infinies avec une faible convergence est nécessaire pour cette méthode et
ellea été effectuée correctement. Les résultats prévus par la méthode proposée ont été vérifiés expérimentale-
ment avec de I'air pour un flux de chaleur uniforme, un flux de chaleur variant exponentiellement et un flux
de chaleur variant linéairement. L'appareillage expérimental a été construit de telle facon que le flux
de chaleur pourrait se distribuer de la maniére imposée en changeant axialement la surface de la section
droite de la paroi du tube qui conduit un courant alternatif de faible tension. Les nombres de Nusselt
prédits sont en bon accord avec les données expérimentales.

Les conditions pour des distributions de flux de chaleur dans le cas d’un régime entiérement établi avec
un profil de température généralisée invariable dans la direction axiale ont été analysées théoriquement.
Il en résulte que seul le flux de chaleur variant exponentiellement peut réaliser un régime entiérement
établi. Les deux cas du flux de chaleur uniforme et de la température pariétale uniforme, qui réalisent,
comme il est bien connu un régime entiérement établi, correspondent & des cas particuliers du flux de chaleur

variant exponentiellement.

Zusammenfassung—Es wird eine Niherungsmethode vorgeschiagen zur Bestimmung der Nusselt-Zahl
bei turbulenter Rohrstromung mit beliebiger axialer Verteilung der Warmestromdichte. Hierfiir wurde
die Berechnung von Summen unendlicher Reihen mit schiechter Konvergenz erforderlich und auch korrekt
ausgefiihrt. Die mit der vorgeschlagenen Methode ermittelten Resultate wurden experimentell nachgepriift
an Lulft fiir gleichférmige, exponentiell und linear verinderliche Wirmestromdichte. Die Versuchsanord-
nung gestattete es, die Verteilung der Wiirmestromdichte in der vorgeschriebenen Weisc vorzugeben, indem
in axialer Richtung die Querschnittsfliche der von Wechselstrom niedriger Spannung durchflossenen
Rohrwandung verindert wurde. Die theoretisch ermittelten Nusselt-Zahlen stimmen gut mit den experi-
mentellen Daten idberein.

Die Bedingungen fiir die Verteilungen der Wirmestromdichte, in voll ausgebildeter Strémung mit
unverinderlichen Temperaturprofil in axiale Richtung, wurden theoretisch analysiert. Es ergab sich,
dass allein die Wirmestrondichtenverteilung nach der Exponentialfunktion den .voll ausgesbildeten
Zustand verwirklichen kann. Die beiden Fille, konstante Warmestromdichte und konstante Wandtempera-
wr, die bekanntlich den voll ausgebildeten Zustand verwirklichen, entsprechen den Speziaifillen eciner

Verteilung der Wirmestromdichte nach der Exponentialfunktion.

Anvoranua—IIpennomen npubiuxenHut MeTon pacyera yucaa Hyccensra qas Typ6ysaent-
HOrO TeYeHMA B TPyOe C NPOMBBOJBHHIM DacCHOpeleeHHeM TellJI0BOro NMOTOKA Mo ocH. Hdas
aToro Merona rpefyerca OuleHKA CyMMH GeCKOHEHHOro pAfa ¢ MmiIoxo# cxogumocrtbio. ITomy-
YeHHHE C HOMOWIBI0 MNPEIJIOKEHHOI'0 MeTONa pe3yibTaTH OGHUIM [POBEpPEeHH JKCIEepHMEeH-
TAJAbHO HA BO3NYXe C OMHOPONHHM TEIIOBHM MOTOKOM, C TEINIOBHLIM MOTOKOM MEHAIOIMMMCH
IO 3KCHOHEHTe M JMHeAHO. IJKCIepUMEHTANbHAA YCTAHOBKA CKOHCTPYHMPOBAHA TaK, 4TO
TEILIOBOM MOTOK MOKET PACNIpeNeNATHCA 3afaHHHM 06pa3oM BHOJb OCH 3a CYET U3MEHEeHHA
IJIOMANH HONEePeYHOro CedeHUA CTEHKH TPYOHI, 10 KOTOPOH IMPOMYCKaeTCA MepeMeHHHN TOK
HUBKOro HampskeHusa. Pacyernsle auciaa HyccelpTa X0Opoilo COTaacylOTCA C KCIepHMEH-
TAJbHHIMU JAHHRIMU.

TeoperHyeckn KLCCIEXOBAHH pAa3JM4HHE CNOCOOHL pachpefeeHMA TelJIOBOro IIOTOKA,
HOTOpHE NPHBOJXAT K DA3BUTOMY TeYEHHIO, KOrAa YHHBEDCAJIBHHNR nNpoduab TeMmepaTypll
He MEHsAETCA B HANPAaBJEeHHH OCH. B pesyibTaTe HaftleHO, YTO MOJHOCTHIO PAa3BHTOE TEUeHME
BO3BHMKAET TONBKO NPH OKCMOHEHUMAJbHOM DAacIpefeieHMH TeNnao0BOro HoToka. Claydam
OMHOPOJHOrO TEIIOBOr0 MOTOKA M OJHODOXHOW TeMIlepaTYPH CTeHKH, IPH KOTOPHIX, Kak
XOpOUIO H3BECTHO, HMEET MECTO MOJHOCTBIO DA3BUTOE TeYeHNe, OTHOCATCA K YACTHHIM CIYyYanAM

3KCIMOHEeHHNAJIbHOTO TeNJI0BOr0 MOTOKA.



