
Vol. 11. pp. 943-962 Perpmon Press 1968 Pttnted an Great Br~tsm 
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Abatmet-An approximate method is proposed to predict Nusselt number for turbulent flow in a tube 
with an arbrtrary axially varying heat flux distribution. Evaluation of sums of infinite series with poor 
convergent is required for this method and done correctly. The predicted results by the proposed method 
were examined experimentally with air for uniform heat flux, ex~n~tialiy varying heat flux and recti- 
linearly varying heat flux. The experimental apparatus was so constructed that heat flux could distribute 
in the prescribed manner by changing axially the cross sectional area ofthe tube wall conducted low voltage 
a.c. Predicted Nusselt numbers are in good agreement with the experimental data. 

The conditions for heat tlux distributions which have the fully developed situation with generalized 
temperature profile invariant irr the axial direction were analysed theoretically. As the result. it is found 
the exponentially varying heat flux alone can realize the fully developed situatton. Both cases of uniform 
heat flux and uniform wall tFm~raiure, whrch have been welt known to realize the fully developed 

situation, correspond to the special cases of exponentially varying heat flux. 
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Nusselt number for uniform wall tem- 
perature ; 
Prandtl number, v/a; 
heat flux; 
total heat input; 
radial distance ; 
tube Smner radius, d/2 ; 
Reynolds number, u&v ; 
dimensionless radial distance, r/r0 ; 
temperature ; 
temperature at tube center; 
inlet temperature ; 
ambient temperature; 
velocity in axial direction ; 
mean velocity in axiai direction ; 
dimensionless velocity, u/+‘(r,/~); 
dimensionless velocity, u/u,; 
axial distance ; 
dimensionless axial distance, x/d ; 
dimensionless axial distance with uni- 
form heat flux; 
distance from tube wall, r. - Y; 

dimensionless distance from tube wall, 
Y .J(7w/d/v; 
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2, dimensionless axial distance, 
xj2r,RePr ; 

2, dimensionless axial distance, X - XW 

Greek symbols 

a, parameter related to heat llux distri- 
bution ; 

Y, specilic weight ; 

EE, eddy diffusivity for heat ; 

EM9 eddy dilfusivity for momentum ; 

rt, parameter related to coefficient of 
index of exponential function ; 

8, dimensionless temperature, (T, - T)/ 

W&) ; 
v, kinematic viscosity ; 

f-4 fluid density ; 

% shear stress at tube wall; 

f/J9 dimensionless temperature, 8, - 8. 

Subscripts 

fd, fully developed conditions ; 

m, mixed mean conditions ; 

4 wall conditions. 

INTRODUCI’ION 

HEAT transfer to turbulent flow in tubes and 
ducts has been a subject of continuing interest 
for many years. And most of the investigations 
are concerned with the fully developed situation 
under the two cases of the uniform heat flux 
and the uniform wall temperature distributions 
in the axial direction. On the contrary heat 
transfer for undeveloped or developing situation 
is now under study by many investigators. The 
problem of heat transfer for axially varying heat 
flux, which belongs in this category, has drawn 
a great deal of attention and much consideration 
has been paid to the sinusoidal heat flux distri- 
bution [l] in relation to the cooling of nuclear 
reactors. But general treatment of this problem 
is relatively rare in previous investigations. The 
present investigation is made on the general 
treatment which can be applicable to the heat- 
transfer problem of any arbitrary heat flux 
distribution. 

or wall temperature distribution in the axial 
direction is mainly based on the superposition. 
technique because of the linear and homo- 
geneous nature of the energy equation. The 
solution to be superposed is the thermalentry- 
solution for the uniform heat flux or the uniform 
wall temperature. For flow in a tube, this 
solution is obtained by solving the eigen-value 
problem and consequently the solution takes 
the form of the infinite series consisting of the 
eigen function corresponding to each eigen 
value. In actual calculation higher terms of the 
infmite series must be neglected. If the solution 
can be expressed satisfactorily with fewer terms, 
the convergency of the series solution is said 
to be good or fast. The same comments also hold 
true for the superposed solution because it takes 
the form of the infinite series. The infinite series 
contained in the superposed solution for pres- 
cribed heat flux distribution show poor con- 
vergent nature in contrast with those for pres- 
cribed wall temperature distribution. Probably 
to avoid this drawback, Hall and Price [2] 
evaluated the theoretical solution for the ex- 
ponentially varying heat flux by integrating 
graphically the thermal-entry-solution for uni- 
form heat flux which was obtained experi- 
mentally and compared it with the experimental 
results. 

In this paper analytical solution for arbitrary 
heat flux distribution is investigated with respect 
to the convergency and an approximate method 
is proposed to make up for the poor convergency 
of the solution. This method needs a few sums 
of the infinite series consisting of the eigen- 
values and the corresponding coefficients of the 
thermal-entry-solution under the uniform heat 
flux conditions. Though it is very difficult to 
evaluate these sums properly for poor con- 
vergency of the infinite series, the evaluation is 
done conveniently. In relation to the axial 
variation of Nusselt number, theoretical investi- 
gation is made on what cases the fully developed 
situation is obtained when the prescribed axially 
varying heat flux is given. 

Analytical treatment for arbitrary heat flux As the result_ only the case with the exponen- 
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tially varying heat flux is found to have the 
fully developed situation. Experimental support 
of the proposed method is performed with air 
for several heat flux distributions. 

The similar method to the proposed one is 
applicable to the forced convection heat-transfer 
problem with axially varying heat flux for flow 
in the ducts, the annular space and the two 
parallel plates, the ~e~al~nt~-solution of 
which belongs to the eigen-value problem and 
therefore takes the form of the infinite series. 

where k is thermal conductivity of the fluid, Re 
Reynolds number, t0 tube radius, 8.’ and F,, arc 
eigen-values and co~es~n~ng c~~~~~ res- 
pectively which appear in the thermal-entry- 
solution of the energy equation under the 
uniform heat flux conditions. The lirst five 
eigen-values and corresponding coefftcients have 
been found using Deissler’s turbulent velocity 
profile by Siegel and Sparrow [3], numerical 
values of which are reproduced in Table 1, 
where B,, = -F,/2 and C, = 4/3i/Re. 

Introducing the symbols B, and C, and the 
ANALYTICAL SOLUTION dimensionless variables X = x/2ro and W = 

A schematic diagram showing the coordinate w/2ro, then the local Nusselt number at an 
system is given in Fig. 1. axial position X, which has usual definition 

u 

(I e .L-__ 
I 

FIG. 1. Coordinate system. 

For the prescribed heat flux distribution q(x) 
in the axial direction x, the temperature dilkr- 
ence between the wall temperature T, and the 
mixed mean temperature T, of the fluid at an 
axial position x is expressed as [33 

-V=% jr 
T, - T, = - d.- 

kRe z F&j dw) 
rir=1 0 

x exp 
48: x-w dw 

-ReX2r, ’ (1) 

hd 
Nu=~=~ QT 

*, 
DI xi, 

where h is heat-transfer coeffkient, takes the 
following expression with the aid of equation (1). 

1 OD 
z= 

c 

d 
4(w) exp (GW) dW 

B,C, 
qfmexp (CJ) * 

(2) 

I= 

Now take the axial coordinates shown in 
Fig. 2 and suppose heat llux distribution ex- 
pressed as 

and 

4 = 40 for x G x0, 

9 = 9,~~) = 4OU + H(z)3 
for x 3 x0, 

where go is a constant and F(2) and H(2) are 
functions of 2. 

Then Nusselt number at the position Z is 

z 

1 
Nu= c 

B, 1 - exp(_Cs,)+ cg 

" W)exp(C,JI c 

B c jF(w')exp(CnW')dW 

I I) 
WQexp(CJ) 

SE=1 It=1 

z 
m 

=: 
c 

B 
I 
1 -expt-G(Xo f Z)> + d 

H(W’)exp(C,W9dW 

1 -t H(Z) 2 Bnc’ (1 + H(Z)} exp (CJ) ’ (3) 
II=1 n-1 
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Several noticeable cases are revealed as fgllows. 
(i) Let X0 = 0 in equation (3), then equation (3) 
yields Nusselt number for heat flux distribution 
which varies from the initial heated position. 
(ii) Let X,, + 00, then equation (3) yields Nusselt 

4 

FIG. 2. Dimensionless axial distance. 

numbers for the case that heat flux changes from 
fully developed situation which is attained with 
uniform heat flux. (iii) Especially let 2 + cc, then 
equation (3) is expected to give the Nusselt 
numbers for the asymptotic or fully developed 
situation if that situation exists. (iv) And let 
F(Z) = 1 or H(Z) = 0, equation (3) gives Nusselt 
number Nu, for uniform heat flux, which is 

1 
-= 
N%i II 

&[I - exp ( -C&X0 + 2>>1- (4) 

n=1 

The results for a few simple heat flux distribu- 
tions are shown in Table 2. Nusselt number for 
large Z enough to satisfy the relation exp 
(- C,,Z) 4 1, is represented with the subscript 
“0” as Nu, in Table 2. 

Consequently NuO E Nu,, for the heat flux 
distribution which can bring about the fully 
developed situation. 

THE CONVERGENCY OF THE 
ANALYTICAL SOLUTIONS 

Since the thermal-entry-solutions are super- 
posed to construct a solution for arbitrary heat 
flux or wall temperature distribution, the nature 
of the convergency of the former affects that of 
the superposed solution. There follows the in- 
vestigation on the convergency of the analytical 

solutions under both of the boundary con- 
ditions. The Nusselt number, for uniform heat 
flux is evaluated by equation (4). The fully 
developed Nusselt number, well known to exist 

in this case, reads clearly Nu,,/,, = l/ f B,. 

The sum of the first five terms of B, gives 

@ B, = OW4219 for Pr = 0.7 and Re = 50000, 
n=1 
as shown in Table 1. Hence NIJ~,/~ = 237. This 
value of Nt.+/,, greatly differs from the existing 
experimental ,values or the calculated value 
indicated at the later section. The higher the 
terms of B, are taken beyond the first five, the 
more reasonable the value of the fully developed 
Nusselt number calculated by the sum of B, 
becomes. But the convergency of B,, is so poor 
as shown in Table 1 that the addition of a few 
higher terms cannot be expected to predict the 
satisfactory fully developed Nusselt number. 
Consider the uniform wall temperature case in 
contrast with the uniform heat flux case. Under 
these boundary conditions Sleicher and Tribus 
[4] have given the thermal-entry-solution for 
turbulent flow in a tube. The result is that the 
Nusselt numberNuT for uniform temperature 
is evaluated by 

+v (- (&) Z]. (5) 

Hence the fully developed Nusselt number 
depends on the first eigen-value alone, that is 
Nur,/, = 1:/2. Values of A, and n;? read from 
the graphical presentations [4] are reproduced 
for Pr = O-718 and Re = 50000 in Table 3. 
The Nusselt numbers Nu, and Nur calculated 
by equations (4) and (5) respectively are shown 
in Fig. 3, where the symbol n = 3 or n = 5 
represents the numbers of the terms used in the 
calculation. The result that Nu,,/, is smaller 
than Nu=,/~ is considered to be mainly caused 
by the use of the different expressions for the 
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Tnble 2. Calculating equatia = 

1 

ii L)[&+bp{l-& 1 +b(l 

- ,-C-2) 
1 

x e=l 
a - _e-CJ 

a + C, II - 

1 1 a --- 
Nu, Nu CL 

: l_ 
c#zc-c-x” + 1 

1+az . 1 

-abed 
&Z l+b(l -e”) C[ 

4 .& (1 _ e-‘=+“Z} 

+ +XO(~-~~+CJZ _ e 
-C&1] _ 

x0 = 0 

X0 = m 

&C2[1-%] 

a 
c 

$1 - e-y 
1+az ” 

1 +;:;,[c& -c B.{-p 

C 
” e-o+CJz 

da + C,) II 
-&Cd 

1 + b(l - e&) c 

f&_{l _ e-C+QZ} _ 
I 

1 1 a 

c 

4 -abe 

c 

4 --- w- 
Nun./, Nuo 1+az c. _ 1 +b(1 -e”) 

-t 
a + C, = 

Symbol x represents summation of terms up to intimity. 
t a>Oorja(<C,. !ia<C, 
$ In this case Nu, so Nu,,. 
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of Nusselt numbers 

40 ed Ia>0 qo(l + b sin aZ)- 

1 

ez 
C” a 

-cd+- 
a + C, a + C, 

x e-C”z _ 
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eddy diffusivity for heat: The fully developed 
Nusselt number for uniform wall temperature 
calculated with the same expressions of the 
velocity profile and eddy diffusivity for heat as 
those used in the case of the uniform heat flux, 

Table 3. Listing of A, and A: 
(reproducedfrbm refwence l-41) 

Re = 50000, Pr = 0.718 

n A” 2 

1 30.0 236 
2 5.78 2640 
3 3.74 7440 

designated as N&, fd in Fig. 3, is slightly smaller 
than Nu,,~,,. In the case of the uniform wall 
temperature, the first three terms of the infinite 
series in equation (5) give the satisfying Nusselt 
number and the thermalentry-solution has very 
good convergency. The superposed solution for 
arbitrary wall temperature distribution also 

FIG. 3. Nusselt number variations for uniform heat flux 
and uniform wall temperature distributions. 

shows good convergency and the corresponding 
Nusselt number can be reasonably evaluated at 
most with the first three or four eigen-values 
and corresponding coefficients. 

It is noted here that the difference in the 
boundary conditions strikingly affects the nature 
of convergency of the superposed solution. 
Since the relation between the eigen values and 
corresponding coefficients for the uniform heat 
flux and those for the uniform wall temperature 

has been established [5], the poor convergency 
of the superposed solution is concluded to be 
inevitable for the problem of arbitrary heat flux 
distribution. 

APPROXIMATE METHOD FOR THE 
CALCUL’ATION OF NU!%X&T NUMBER 

The poor convergent nature of the superposed 
solution for arbitrary heat flux distribution can- 
not be settled effectively by means of the 
increase of the terms of the infinite series. 
Consequently, another means should be worked 
out as follows. 

Various sums of the infinite series which 
appear in the calculating equation of Nusselt 
number are divided into two groups by the 
dependency on the axial coordinate. Each term 
of the first group consists of B, and C,, and 
accordingly the sums of the infinite series are 
independent of the axial coordinate Z. On the 
other hand each term of the second group 
contains the exponential function exp (- C,Z), 
and therefore the sums depend on the axial 
coordinate Z. Now the convergencies of these 
two groups of the infinite series are examined. 
The case of Pr = 0.7 and Re = 50000 is taken 
as an example. The convergent nature of B, 
has been mentioned in the previous section. As 
the series C,, are increasing ones, the series 
B JC, have relatively better convergency than 
Bi do, which is shown in Table 1, but the neg- 
lection of the higher terms gives rise to con- 
siderable error in the calculated Nusselt number. 
On the other hand the convergencies of the 
series B,, exp ( - C,Z) and the series (I&,/C,) exp 
( - C,Z) are shown in Figs. 4 and 5 respectively. 
It is clear from Figs. 4 and 5 that for Z > 3 the 
neglection of the higher terms beyond the first 
five has no appreciable effect on the total sums 
of the infinite series containing the exponential 
function exp (-C,Z). Hence the error in the 
calculation of Nusselt number is chiefly caused 
by dropping the higher terms in the evaluation of 

such fmed sums of the fust group as 2 B, and 
m m=1 

and 1 (B JC.). In the evaluation of such sums 
P=l 
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FIG. 4. Convergency of B. exp ( - C,Z). 

of the second group as 2 B, exp (- C,,Z) and 
#I=1 

figI (B&J exp (- CJ), the same kind of error 

is negligibly small except for 2 near zero pro- 
vided that the first five terms of B, and C, are 
used. In conclusion the accurate evaluation of 
the sums of the first group makes it possible to 
predict reasonable Nusselt numbers except in 
the region of extremely small 2 where the poor 
convergency of the infinite series of the second 
group gives rise to the inevitable error. For 
example, in equation (4), divide formally the 

FIG. 5. Convergency of (B./C,) exp ( - CJ). 

sums of the right-hand side into two groups as 

& = 2 B, - 2 fjl,exp(-CJ?). (6) 
n=1 ntl 

Then accurate Nusselt number can be calcu- 
lated for Z > 3 with the first five terms of B,, 

and C, provided that 2 B,, is fiied beforehand. 
n=l 

The key point of the proposed approximate 
calculating method is the prior evaluation of 

such first group sums as $r B, and $r (BJC,) 

with poor convergent nature. The details of the 
evaluating method and results will be shown in 
the later section. 

ANALYTICAL CONSIDERATION ON 
FULLY DEVELOPED SITUATION 

For the two conditions, uniform heat flux 
and uniform wall temperature, it has been 
well known that the fully developed situations 
are reached beyond the thermal entrance region 
and the Nusselt numbers take the fmed values 
different from each other. In addition to these 
two cases, there can be mentioned heat flux 
or wall temperature distributions which give 
formally fared Nusselt numbers when axial 
distance Z tends to infinity in the calculating 
equation of Nusselt number Ntr(Z). Hitherto in 
these cases, it has been considered that the 
fully developed situation exists and the corre- 
sponding fixed Nusselt number has been called 
the fully developed one. Even if such conditions 
are formally satisfied by the mathematical 
operation of limit in the calcu@ng equation, 
it does not necessarily mean the temperature 
profile reaches the fully developed one. To 
clear the conditions for the existence of the 
fully developed situation, there follows the 
theoretical analysis on what cases the fully 
developed situation with a gencrahzed tem- 
perature profile invariant in the direction of 
flow is obtained when prescribed axially varying 
heat flux is given. Hence the exponentially 
varying heat flux is revealed to be only the 
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distribution which realizes the fuily developed 
situation and fully developed Nusselt numbers 
are calculated to evaluate the sums 

ANAL.YSI!.ii 

The system considered is that of incompress- 
ible fluid of constant properties flowing in a 
tube with fully developed velocity profile. 
The coordinate system is shown in Fig. 1. 

The energy equation describing the problem 
is to be expressed as 

where T is fluid temperature, x axial coordinate, 
r radial coordinate, 1( flow velocity, a thermal 
diffusivity and err eddy diffusivity for heat. 
Substitution of the following dimensionless 
variables into equation (7) yields 

s = I, x ?A 
v = -, 

r0 ’ = 2roRePr’ %I 

9 =l+Z, 

rewritten as 

a T,-T o 
-- =. ( > ax 4 

(11) 

Hence the dimensionless temperature 8 that 
is defined in equation (12) is a function of s only. 

(12) 

Take the mixed mean value of equation (12), 
and the heat balance between heat flux and the 
mixed mean temperature rise, 

Tv - T” = ern2y 

dT, grow -=-_ 
dz k 

(13) 

(14) 

Thus, substituting equation (12) in equation 

(8) and (9, 

mixed mean temperature rise. 

de 
(8) z = 0 at s = 0, 

dtJ 
Ti;; = - i at s = 1. 

with boundary conditions 

aT dT ‘04 -I-=0 at s=O. Y=-I- at s=l. 
C7S 8s k 

(9) 
Suppose both the velocity and the tempera- 

ture profiles are fully developed, there exists a 
generalized temperature prollle that is invariant 
with tube length. The statement that this profile 
is invariant with x can be expressed as [6] 

o 
(10) 

where the subscript w refers to the value at 
wall and the subscript m, the mixed mean value. 
Under the fully developed situation, the heat- 
transfer coefficient is constant along the tube 
length and therefore eauation (10) can be 

In order that 8 may be obtained as the function 
of s alone by the solution of equation (15), heat 
flux should meet the following requirement, 

1 dq 
qz= tl 

or 

4 = CexP(w) = Cexp (?2roiepr) 

= Cexp a5 , 
( 3 

(17) 

where q, a and C are constants and q z aRe Pr. 
Defining. cp = 8, - 8, equations (15) and (16) 
take the followinn forms. 
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(18) 
It is clear that the tem~~ture variations to 
realize the fully developed situation are classified 

2~0 at s 0 3-l at s 
into the five typical patterns depending on the 

ds 
= , &--Z ==l. values of the parameter v. The uniform heat 

flux case corresponds to v = 0, while the uniform 
(19) wall temperature case corresponds to q = 

Thus, it is only when the heat flux varies expo- 
nentially along the tube length that there exists 
beyond the thermal entry region the fully 
developed situation with a generalized tempera- 
ture profile which is invariant in the direction 
of flow. The fully developed temperatu~ prolile 
is given by the solution of equation (IS) with 
the boundary conditions (19) and depends on 
the parameter q. The Nusselt number is evalu- 
ated from equation (20). 

Prior to solving equation (18), the wall 
temperature and the mixed mean temperature 
variations along the tube length are examined to 
find the conditions on the wall tem~~ture 
distribution which can give rise to the fully 
developed situation. From equations (X3, 14, 
17) the first and the second derivatives of the 
wall and the mixed mean temperatures are 
deduced as follows. 

By referring to the signs of these derivatives, 
the temperature variations are shown in Fig. 6. 

-4Nur,, Roth boundary conditions, in which 
the existence of the fully developed situation 
has been well known, are included as the special 
cases in the expouential heat flux dist~bution. 

To carry out the solution of equation (18), 
the variations of u and g with s must be given. 
Since there is no various selection of v and g for 
laminar flow where 

u = 2(I - SZ), g = 1 

it is convenient to check the present analysis 
with the available results by other ~vesti~ators, 
For turbulent i3ow the velocity profile is taken 
from Deissler’s analysis [7], which is expressed 
as 

O<y+ G26 

du+ 
dy+ 

1 

= 1 -I- (0~124)~ t(+ y+ [l - exp { -(0.124)2 1(+y” >] 

26-+ u+ + 12GM93. 

The eddy diffusivity for heat is assumed to be 
equal to that for momeutum. 

Numerical i~te~a~o~ of equation (18) subject 
to the boundary conditions (19) are carried out 
[8] by Runge-Kutta method on the digital 
computer fOKITAK-5090) in Kyushu Univer- 
sity. 

hG. 6. Temperature variations with tube kngth. 
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NUMERICAL RESULTS 

(i) ~i~r~ow. A plot of the fully developed 
Nusselt number NM,, is given as a function of 
q in Fig. 7. Figure 8 shows the radial temperature 
profiles. By putting q = 0 for uniform heat flux, 
equation (18) is solved analytically and the 
corresponding fully developed Nusselt pumber 

FIG. 7. Cakuiated Nussclt numbers (iaminar flow). 

Nu,,,~ = 4.364. The fully developed 
number Nu, fd and the parameter 
uniform wall temperature satisfy the 
qr + 4Nur,f,+ 5 0, which gives NUT,,, 

NusseI t 
tfT for 

relation 
= 3.658 

and qr = 
. . 

- 14.632. This value of NUT. Id IS in 
accordance with that [9] obtairied by a successive 
approximation of the energy equation under 
uniform wall temperature boundary conditions. 
The corresponding temperature profile shown 
in Fig. 8 is in excellent agreement with that 
[lOJ presented by Jakob. Although negative 
values of q satisfy the fully developed conditions, 
the temperature profile oscillates with radial 

1 -f/r0 

FIG. 8. Radial temperature profdes (laminar flow). 

direction when q is smaller than the negative 
limiting value q,. The absolute value of go 
is equal to the first eigen value of the energy 
equation for uniform heat flux. The fully 
developed Nusselt number increases monotonic- 
ally with the increase of q, provided that q > qW 
The change in temperature between wall and 
fluid is more localized in the region adjacent to 
the wall and temperature profile becomes flatter 
in the center region with the increase of q, 
provided that q > qo. 

(ii) Turbulentflow. The fully developed Nusselt 
numbers are presented in Table 4. The radial 
temperature profiles for Reynolds number of 
50000 and PrandtI number of O-7 are shown in 
Fig. 9. The same remarks about laminar flow 
also hold true in the case of turbulent flow. 

FIG. 9. Radial temperature profiles. 

EVALUATION OF THE SUMS 2 B&ND2 (S&J 
n-1 n-1 

There are shown as follows the method and the 

results of the evaluation of the sum$ 2 I$, and 
n=1 

$+l WGJ f rom the calculating results in the 

foregoing section. A relation shown in Table 1 
exists between the fully developed Nusselt 
numbers for the uniform heat flux and the 
ex~nen~~ly varying heat flux. That is 

co 

1 1 B ---=g 
NuIr, fii NUfd c n. 

c, + ci (23) 
n= 1 
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Table 4. Calculated fully developed Nusselt numbers 

955 

a 

Re=50000 Re = 1OMKKl 

PT = 0.7 Pr= 14 Pr= 10 Pr = 0.7 Pr = 1.0 Pr = 10 

-0-05 86.5 108.0 361.2 143.6 181.6 646.0 
-0.01 99.7 122.6 379.0 167.7 208.6 680.3 

0 102.1 125.2 382.0 171.8 213.2 685.7 
OQl 104.2 127-5 384.7 175.4 217.2 6904 
0@5 111.2 135.1 393‘3 187.1 230.0 704.8 
0.1 117.8 142.1 401.3 197.8 241.6 717.7 

As Nu,,, = lf 2 B,, equation (23) reads 
II=1 

OD 

1 
-= 
NU/, 

iB”-a B,. 
II=1 c C, + a 

(24) 
t&=1 

Let a = 0 m equation (24) 

$l Bn = ($J&) (25) 

After differentiating equation (24) with respect 
to a, let a tend to zero 

Consequently thevaluesof 2 &and f (B,JC,) 
n=1 8x1 

may be evaluated from the ordinate and the 
gradient at a = 0 in the Nu, - a curves shown 
in Fig 10. The results are given in Table 5. 

EXPERIMENTAL APPARATUS AND PROCEDURE 

The apparatus employed in the experiment is 
shown dia~~ati~l~y in Fig. 11. Air from 
the atmosphere is flowed by the fan through the 
flow meter into the mixing chamber. After 
mixed enough there, air flows through the 
straight tubes which are constructed from the 
velocity developing section and the heated 
section. The velocity developing tube has an 
I.D. of 21.2 mm and a length of about 1OOO’mm 
(47 d). For the Reynolds number under experi- 
ment (Re = SOOOO), the velocity profile is 

385 

382 

FIG. 10. Fully developed Nusselt numbers as a function of 
the parameter a 

considered to be fully developed at the exit of 
the velocity developing tube. Then there follows 
the 1000-mm length of heated tube with the 
same I.D. as the velocity developing tube. To 
keep off axial heat loss, both ends of the heated 
tube are insulated from their neighbours by the 
insulating ring made of Teflon and finished 
smoothly inside not to disturb the flow field. 
The mixing chamber, the velocity developing 
tube and the heated tube are lagged with a 
S&mm thickness of performed glass fibre 
insulation. The heated tube is the drawn stainless 
steel tube (SUS 27) and has an I.D. of 21.2 mm 
and a maximum O.D. of 33.4 mm. Heating is 



956 SHU HASEGAWA and YASUNOBU FUJITA 

0 

II 

& 

8 W- ,I 5 



TURBULENT HEAT TRANSFER IN A TUBE 957 

1. Fen 
I ’ 

2. Fkm mekr 

3. Fk?w c0ntl0l valve 

4. Mixing chamber 
3F- ‘& 

5. Lagging l?7oterial 10. Thermcwpk c&i jmction 

6. Velocity developing tube 11. Potentiiomcter 

7.nmkdtdx 12. Watt meter 

8. Bus bar 1 3. Voltage stabilizer 

9. Thcrmocoupk hot &tion 14. Water manomekr 

FIG. 11. Experimental apparatus. 

accomplished by passing low voltage ac. (1.5 - 
2V) through the length of the heated tube. 
The outer diameter was lathed in the prescribed 
size along the tube so that the heat flux could 
be distributed in a prescribed manner along its 
length. It is difficult to measure the heat genera- 
tion at an arbitrary point under experiment, so 
the heat generation distribution per unit tube 
length was fmed along its length beforehand by 
measuring the voltage drop between each small 
section with a 8 mm in distance at a uniform 
temperature. The air inlet temperature was 
measured at the mixing chamber and at the 
point 15 d downstream from it. The outer wall 
temperatures of the heated tube were measured 
by copper-constantan thermocouples soldered 
at intervals of nearly the same distance (40 mm) 
along the tube surface. 

where h is heat-transfer coefkient and k thermal 
conductivity of the fluid which is evaluated at the 
mean film temperature 9(T, + Td. The thermo- 
couple readings measuring the tube outer wall 
temperature were corrected for the drop across 
the wall. 

Heat flux was calculated by 

aDK(T, - TR) 

d=T, 
+ f(D’ - d=) ksdX2 1 (27) 

The experiments were carried out with air 
as the flowing fluid for Reynolds number of 
50000. Five to eight hours were allowed for the 
steady conditions and the usual duration of one 
measurement was a half to one hour. 

Experimental data were correlated by the 
Nusselt number 

where QE is total heat generation, e(x) heat 
generation distribution per unit tube length 
corrected for the wall temperature variation 

along the tube, E(x) = 1 e(x) dx, xL total length 
” 

of the heated tube, D tube outer diameter, K 
overall coefkient of heat transfer based on 
T, and TR, TR ambient Lemperature, k, thermal 
conductivity of the heated tube. K was measured 
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to be K = 1.54 kcal/m’h”C with the same tube 
and lagging as that used in the experiment. 

The mixed mean temperature of the fluid 
was calculated as the sum of the measured 
inlet temperature and the temperature rise 
corresponding to the heat input (corrected for 
radial heat loss to the atmosphere and axial 
conduction in the tube wall) from the wall up 
to the position under consideration. Then 

C W) --ADK x QEE(xfj (T,- TR)dx 
0 

dT, X 
-I- ;(D’ - dz) ksdx II 0 (28) 

where Tk is inlet air tem~ratu~, G Yol~et~c 
flow rate, C, speccific heat of air and jr specific 
weight of air. The derivatives dT,/dx and 
dZTW/dx2 in equations (27) and (28) were found 
by graphical differentiation or polinominal 
approximation of the measured wail temperature 
distribution. 

E~~ME~AL AND CALCULATED RESULTS 

Experimental data taken under the conditions 
of uniform heat flux are compared with the 
calculated results in Fig. 12. ~~cu~at~ curve 
is obtained for Pr = @7 and Re = 50000 by 

equation (6) with aid of the sum f &, in 
II=: 

P * 

0 IO 20 30 35 
I 

FIG. 12. Nusselt number variation for uniform heat flux. 

Table 5 and the first five terms of 
B,, exp (- C,Z). The corresponding fully de- 
veloped Nusseit numbers are shown in Fig. 13, 
where calculated curve presents the results 
from Table 4. 

z 

Exporimmtn ( air 1 

Re 

FIG. 13. Fully developed Nusselt number for uniform heat 
flux. 

Figure 14 reveals the results for the rectiiinear 
heat flux increase from the point x/d = 20 
with the uniform heat flux upstream of that 
point. The calculating equation is obtained by 
substituting X0 = 20 in the equation at column 
(a) in Table 2. The solid curve is obtained by 
the approximate method with the fixed sums of 

) I I I 
1 4=4c(l+af) Re=I.JOOOO 

i 
4 

0 IO 20 30 35 
X 

FIG. 14. Nusselt number variation for rectilinearly varying 
heat flux. 
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“$I 3, and $‘i Uh.G) in Table 5 as the first 

group sums and the first five terms of B, and C, 
for the evaluation of the second group sums. 
The maximum error accompanied to this 
method is 0.1 per cent in Nusselt number. The 
dotted curve represents the results by means of 
the same calculating method as that for the 

solid curve with exception that Bit (I&/C,) is 

used instead of 2 (BJC,). The appreciable de- 
ff=1 

viation of the dotted curve from the solid one 
originates in the neutron of the higher terms 
of fl/C. and decreases as 2 increases. The 
Nusselt numbers for rectilinear heat flux distri- 
butions are shown in Fig. 15. Calculating 

}9=90 (I+a.?Il 

I00 
0 IO 20 30 

by the appruximate method with 2 .&, and 

B~j&/C.) in Table 5 and the first five terms for 

the evaluation of the second group sums. The 
maximum error at 2 = 3 is 0.2 per cent in 
Nusselt number. The dotted curve correspond- 
ing to each solid curve represents the results by 
the same method with the only exception that 

$, (~/C”) is used instead of 2 (&,/C,). The 
II=1 

difference between each two curves increases 
with the increase of a and with the decrease of 2. 

As shown in Table 2 

This means that the denominator (1 + ti) 
in equation (29) tends to inanity, that is, heat 
flux tends to infinity. This situation differs from 
the fully developed one because it can be 
realized only with the exponentially varying 
heat flux. In the region where the relation 
exp ( - C,Z) @. 1 is satisfied, the Nusselt number 
tends as~pto~~lly to the curve 

I 

FIG. 15. Nussett number variations for rectilinearly varying 
which indicates gradual change in the direction 

heat flux. of 2. Cons~uently in this region Nusselt 

equation is obtained by putting X0 = 0 in 
the equation at column (a) in Table 2, which 
reads 

1 1 6( ---=- 
NuE Nu l-i-i&? 

The sums of the first group which appear in 

equation (29) are & &, in Nu, and “!I (&/C,). 

The solid curves in Fig. 15 represent the results 

number has different value from Nu,,~, and 
shows the q~si-asymptotic character. In this 
quasi-asymptotic situation Nusselt numbers are 
slightly affected by the parameter TV. The Nusselt 
number for linear heat flux distribution is 
independent of the gradient and greater than 
that for other rectilinear heat fluxes. 

Figure 16 reveals the Nusselt numbers for the 
exponentially varying heat flux distributions. 
The ~culating equations are shown in column 
(b’) in Table 2. The calculated curve is obtained 
by the approximate method with the fured sums 
and the first five terms for the evaluation the 
second group sums. The first group sums which 
appeared in the calculating equation are 
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00 

f B. and 
c 

B. 

II=1 c.+ 
It=1 

The sum 

2 B. 
C, + a 

R=l 

is approximated by 

because each value of B,, and C, is unknown 
for n 2 6 but the relation C, $= a can be 
assumed for n 2 6 (C6 x l-848, a = 097 and 
041). It is analytically proved already in this 

’ 4=aJexP( oz I, Re*50000 I 

loo0 
IO 20 30 37 

Z 

FIG. 16. Nusseit number variations for exponentially varying 
heat flux. 

paper that the exponentially varying heat flux 
realizes the fully developed situation. And the 
experimental and- the calculated results show 
the fully developed situation is reached with the 
shorter thermal-entry-length and the corre- 
sponding Nusselt number takes higher values 
as the parameter a increases. These facts are 
compatible with the results shown in Fig. 9, 
that is the change in temperature between wall 

and fluid is more localized in the region adjacent 
to the wall as the parameter a increases. The 
values of Nusselt number are affected sensitively 
by the parameter a in the case of the exponential 
heat flux distribution in contrast with the case 
of the rectilinear heat flux distribution, whose 
Nusselt numbers are not so sensible to the 
parameter a and take the values between the 
Nusselt number for the uniform heat flux and that 
for the linear heat flux distribution as shown in 
Fig. 15. Thus it should be noted that the shape 
of the heat flux distribution strongly influences 
the behaviour of the corresponding Nusselt 
number. The difference between the fully de- 
veloped Nusselt numbers for exponentially 
varying heat flux and that for the uniform heat 
flux is expressed as a ratio of the latter in Fig. 17. 

- Re=SOOOO 

e 
FIG. 17. Ratio of fully developed Nusselt number for expo- 

nentially varying heat flux to that for uniform heat flux. 

Experimental results-are deduced from those in 
Fig. 13 and 16 and the calculated curve repre- 
sents the results in Table 4. 

For the limited heat flux distributions and 
the particular fluid and Reynolds number, the 
calculated results by the approximate method 
are in better agreement with the experimental 
data except the region near the initial heated 
point (Z < 3). The correspondency or the 
deviation discerned in the region near the initial 
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heated point is insignificant because the cal- 
culated results contain inevitable errors caused 
by the evaluation of the second group sums and 
the experimental results have errors caused by 
no support of the assumed heat flux distribution 
on account of the considerable axial heat flow. 

CONCLUDING REMARKS 

As for turbulent heat transfer in a tube with 
arbitrary heat flux distribution, the approximate 
method was proposed to correct the error 
caused by the poor convergency of the super- 
posed solution and to predict reasonable Nusselt 
number. The essential point is that the sums 
of the first group infinite series constructed by 
the eigen-values and the corresponding co- 
efficients can be fixed beforehand. Two kinds of 
the sums were calculated correctly from the fully 
developed Nusselt numbers. The calculated 
Nusselt number by the approximate method 
with the evaluated first group sums and with 
the first live eigen-values and corresponding 
coefficients for the evaluation of the second group 
sums were in good agreement with the experi- 
mental results with air for the several heat 
flux distributions. For special heat flux distri- 
butions, other kinds of the first group sums may 
appear in the calculating equation of Nusselt 
number but it is difficult to evaluate these sums 
exactly. In these cases the necessary sums can 
be evaluated approximately with the aid of the 
already known sums as shown in the case of the 
exponential heat flux distribution. 

In contrast with the prescribed heat flux 
distribution, the superposed solution for the 
prescribed wall temperature distribution shows 
very good convergency. Therefore the corre- 
sponding Nusselt number can be accurately 
calculated with the first three or four eigen- 
values and corresponding coefficients at most. 

From a study of the fully developed situation 
it is concluded that the fully developed situation 
with a generalized temperature profile invariant 
in the direction of flow is realized by the exponen- 
tial heat flux distribution alone and the two 
conditions, the uniform heat flux and the uniform 

wall temperature, correspond to the special 
cases of the exponential heat llux distribution. 

For special heat flux distribution there exists 
the quasi-asymptotic situation not so far down- 
stream from the initial heated point. In this 
situation Nusselt number changes gradually in 
the axial direction but never reaches the fully 
developed situation. 

Similar method to the proposed approximate 
one is applicable to the calculation of Nusselt 
number for arbitrary heat flux distribution in 
ducts with various cross sections, annular space 
and space between two ‘parallel plates whose 
thermalcntry-solutions are obtained as the 
solutions of the eigen-value problem and take the 
infinite series expressions. 
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RbmrcUne methode approchie est proposte pour prevoir le nombre de Nusselt de l’&coulement 
turbulent dans un tube avec une distribution de flux de chaleur variant arbitrairement le long de I’axe. 
L’evaluation de sommes de series infinies avec une faible convergence est nicessaire pour cette methode et 
ellea 6tt effect&e correctement. Les &sultats p&us par la mtthode propos& ont ttt verifies experimentale- 
ment avec de Pair pour un flux de chaleur uniforme, un flux de chaleur variant exponentiellement et un flux 
de chaleur variant lin~irement. L'appareillage exptrimentai a ttt construit de telle fagon que le flux 
de chaleur pourrait se distribuer de la man&e impo&e en changeant axialement la surface de la section 
droite de la paroi du tube qui conduit un courant alternatif de faible tension. Les nombrcs de Nusselt 
p&its sont en bon accord avec les donn~s exp&imentales. 

Les conditions pour des distributions de flux de chaleur dans le OS d’un regime enti&ement etabii avec 
un protii de temperature gentrali.& invariable dans la direction axiale ont ettb analysees thtoriquement. 
II en risulte que seul le flux de chaleur variant exponentiellement peut r6aliser un regime entierement 
etabli. Les deux cas du flux de chaleur uniforme et de la temperature parietale uniforme, qui rtalisent, 
comme il est bien connu un regime entibrement etabli, correspondent B da cas particuliers du flux de chaieur 

variant exponentiellement. 

Zmnsemg-Es wird eine NPheruagsmethode vorgeschlagen zur Bestimmtmg der Nusselt-Zahl 
bei turbulenter Rohrstromung mit beliebiger axialer Verteilung der WBrmestromdichte. Hierftir wurde 
die Berechnung von Summen unendlicher Reihen mit schlechter Konvergenz erforderlich und such korrekt 
ausgefiihrt. Die mit der vorgeschlagenen Methode ermittelten Resultate wurden experimentell nachgeprtift 
an Luft fiir gleichfiirmige. exponentiell und linear veranderliche Wiirmestromdichte. Die Versuchsanord- 
nung gestattete es. die Verteilung der Wirmestromdichte in der vorgeschriebened Weisc vorzugeben. indem 
in axialer Richtung die QuerschnittstlPche der von Wechselstrom niedriger Spannung durchflossenen 
Rohrwandung vetindert wurde. Die theoretisch ermittelten Nusselt-Zahlen stimmen gut mit den experi- 
mentellen Daten i&rein. 

Die Bedingungen Wr die Verteilungen der Wlirmestromdichte, in voll ausgebildeter Stromung mit 
unverinderlichen Temperaturprofil in axiale Richtung, wurden theoretisch analysiert. Es ergdb sich, 
dass allein die Warmestrondichtenverteilung nach der Exponentialfunktion den .voll ausgesbildeten 
Zustand verwirklichen kann. Die beiden F&lie. konstante Warmestromdichte und konstante Wandtempcra- 
Iur. die bekanntlich den voll ausgebildeten Zustand verwirklichen, entsprechen den SpezialfHllen eincr 

Verteilung der Warmestromdichte nach der Exponentialfunktion. 

AJIEOTaI#M-~pe~JromeH npw6nKmeHKarti MeTonpacqeTa wwta HyccenbTa ~JIR Typ6yaIeHT- 
HOrO Te4eKwt B Tpy6e C npoKaBonbirbtm pacnpe&eJreHKev TennoBoro noToKa no ocsi. &tfi 
aTOr YeTOxa Tpe6yeTcH OJJeHKa cym~ar 6ecKonesHoro pnga c nnoxoti CXO~WMOC~~~. HOJIY- 
qetiHbIe c noKowt0 npewtomeHHor0 KeTofia peaynbTaTbt 6~s~ nposepeHar aKcnepKMeK- 
TaJIbHO Ha BOWJyXe C OWOpO~btK TenJlOBblM IIOTOKOM, C TenJtOBUM nOTOKOK MeHliIOIIWMCJl 

UO BKCIIOHBHTB EI llKHeftH0. ~KCnepKMeHTaJIbHaH yCTaHOBKa CKOHCTpySipOBaHa TaK, 'tT0 
Tt!ILiXOBOft nOTOK DlOlKeT paCnpeReJlflTbCR 3anaHHblM o6paaom BAOJIb OCP 38 VteT WMeHeHHFI 
nJrouww nonepesrforo ceqeHnn cTeHKK ~py6b1, no ~0~0p0# nponycKaeTcrr nepenteHKn* T~K 
HllaKOtW KanpKmeKan. PacyeTKbre wicna HyCCenbTa xoponro cornacyr0Tcfi c aKcnepKMeK- 
TaJtbKbXMHAaHHbIKK. 

TeOpeTUqeCKH EiCCJIeJ&OBWH paaswtabre cnoco6bt pacnpeAeneHHR TennoBOro IIOTOKP, 
KOTOpHe npKBOn#iT K paaBHTOiUy Te'teHKIO, HOrna yHUBepCaJlbHblfi npOl#GiJlb TeMnepaTypbl 
He MeHJleTCII B HanpaBJreHHU OCH. B p&JyJIbTaTe Hai?aeHO, ST0 nOJtHOCTbt0 paaBHTOe Te9eHUe 
BOEiHKKaeT TOJIbKO UpK aKCnOHeHuKaaIbHOM pacnpe&SreHwK TennOBOrO nOTOW. Cnywn 
0nH0pO~0r0 TennoBoro noToKa w onaopo~Ho# TeMnepaTypbl cTeKKsi, npn ~0T0pbl~, KaK 
xopomoKaBeCTHO,wMeeTMecTo ~OJIHOCT~IO~~~BKT~~T~~~H~~,~TH~~RT~H K YaCTHbtM cnyqaftna 

aKcnoHeKuKanbHor0 TennoBoro noToKa. 


